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Rational Decision Making
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Actual Uses for Decision Theory
• Kidney abnormality: Cyst or Tumor

– Cyst test:  aspiration
• Needle in back to kidney- local anesthetic, in and out.

– Tumor test:  arteriography
• Tube up leg artery to kidney, biopsy cut from kidney.  2 days in

hospital.  Lots of pain, risk of blood clot 10 times as great.

– Patients preferred aspiration test (At), and found it  10 times
better than Tumor test (Tt)

– Utility theory says: U(At) = -1.  U(Tt) = -10
– At first then Tt

 E[UAtTt] =-1 (1- p(Tumor)) + -11 (p(Tumor))

– Tt first then At
E[UTtAt ] = -10 p(Tumor) + -11 (1-p(Tumor))
Combining, E[UAtTt]  > E[UTtAt ]  when p(Tumor)<10/11

Tt actually performed when doctors judged p(Tumor)>1/2
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Decision Theoretic Approaches to Problems in Cognition

• Analysis:
– Goals of cognitive system, Environment model, Optimal strategy to

accomplish goals

• Memory:  Forget or Forget me not?
– Goal:  Store relevant information and allow efficient retrieval

• Utility function:  Assign utility for recall and memory search.

• Relevant state:  Need data or Not need data--Binary need variable.

• Environment- Supplies event frequency of symbols for recall:  Compute Belief
about need.

– Forgetting Strategy:
• Risk = P(Need=1)U(Retrival| Need=1)

+ P(Need=0)U(Retrival| Need=0) 0-GU(R=0|Need
)

CG - CU(R=1|Need
)

Need=
0

Need=1Utility
table



PSY 5018H: Math Models Hum Behavior, Prof. Paul Schrater, Spring 2005

Do the Math

€ 

Value(R =1) = pNU(R =1 |N) + (1− pN )U(R =1 |~N)
= pN (G −C) + (1− pN )(−C)

Value(R = 0) = pNU(R = 0 |N) + (1− pN )U(R = 0 |~N)
= pN (−G) + (1− pN )(0)

Value(R = 0) >Value(R =1)?
pN (−G) + (1− pN )(0) > pN (G −C) + (1− pN )(−C)
C /2 > pNG

Thus forgetting should be determined by the need probability



PSY 5018H: Math Models Hum Behavior, Prof. Paul Schrater, Spring 2005

Assume that an efficient
memory system is one
where the availability of
a memory structure, S, is
directly related to the
probability that it will be
needed.
Empirically,
P(need) = at-k
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Recognition for television shows. Retention
function from Squire (1989), adjusted for
guessing, in log–log coordinates. Subjects studied words and later

recalled them after various
retention intervals and in the
presence of cues (other words)
that were either strongly
associated or unassociated to
the target word.
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Failures of Decision Theory as Model of
Human Judgment

Allais (1953) Paradox (Certainty effect)
– A: Receive $1 million with p = 1.0
E[$] = $1m
– B: (p=.1, $2.5 million), (p=.89,$1 million), (p=0.01, $0.0)
E[$] = $1.14m

Utility analysis
U($1m)> .1 U($2.5m)+.89 U($1m) +.01 U($0)

Let U($0) = 0
.11 U($1m)> .1 U($2.5m)

So let’s do the implied Gamble:
– A: Receive $1 million with p = .11, else nothing
– B: Receive $2.5 million with p = .10, else nothing
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Ellsberg Paradox
• Prefer

• I to II

• IV to III

Violates independence of alternatives
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Violations of Decision Theory
Framing Effects: Description invariance.  Equivalent scenarios

should result in same preferences, but do not.

Nonlinear preferences: Utility of a risky gamble should be linear
in the probabilities.

Source dependence: Willingness to bet on uncertain event
depends on the source rather than only the uncertainty.
(Rather bet in area of competence with uncertain 
probabilities than a matched chance event (Heath & 
Tversky, 1991)

Risk Seeking:  People sometimes do not minimize risk.  ( Sure
loss vs. prob of a larger loss.

Loss Aversion:    Losses loom larger than gains.
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Describing Human Judgement

• Prospect Theory (Kahneman & Tversky)
– Generalized decision theory

• Replace probabilities with Weights wi

• Replace utilities by values  vi

• Decide by computing the Overall value

• V = Σi wi(pi) vi
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Distorted Decision Probabilities

Overemphasize small
Probabilities

Underemphasize large
probabilities

€ 

p(A∪ B) = p(A) + p(B)  if A∩ B =∅
But typically
w(A∪ B) < w(A) + w(B)

called Subadditivity

A B
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Subjective Probability Estimates
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Why biases in Probability assessment?

Uncertainty about beliefs:  One view is that people are
skeptical--they don’t believe the probability numbers given are
accurate.

Extreme Cases
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€ 

f1> g1⇒v(25)W (A) > v(10)W (C∪D)

€ 

f 2 > g2⇒v(25)W (D) > v(10)W (A∪ B)
⇒

W (A) +W (D)
W (A∪ B) +W (C∪D)

>
v(10)
v(25)

€ 

g3 > f 3⇒v(10)W (A∪ B∪C∪D) > v(25)W (A∪ B)
⇒

W (A∪D)
W (A∪ B∪C∪D)

<
v(10)
v(25)

W (A) +W (D)
W (A∪ B) +W (C∪D)

>
W (A∪D)

W (A∪ B∪C∪D)
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Measurement of Decision Weights
Tversky & Fox
40 Football fans

Asked to make
A series of gambles
involving real money:

(25% $150 or $40 for sure)

Also had them make a series
Of gambles on Superbowl
games
“Utah wins by up to 12points”

Derived value functions and
extracted Decision weights
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Trade off Method for Eliciting Standard
Utilities

Two gambles:
1) (p, Y, (1-p), r) 

Disease 1, { p=0.5 Y = ? }
Disease 2, { p=0.5  r = 45 }

E[U] = p U(Y) + (1-p) U(r)

2) (p, y, (1-p), R)
Disease 1, { p=0.5  y = 0 }
Disease 2, { p=0.5  R = 55 }

E[U] = p U(y) + (1-p) U(R)

 

Vary Y until subject says the two
gambles are equal.
p U(Y) + (1-p) U(r) = p U(y) + (1-p) U(R)
p (U(Y) -U(y) ) = (1-p) (U(R) - U(r))

Perform again with same R & r, but new x.
Again vary X until gambles match
p (U(X) -U(x) ) = (1-p) (U(R) - U(r))

So then
U(X) -U(x) = U(Y) - U(y)

Start with y = 0.  
Set U(Y) - U(y) = 1.
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Trade off method
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Measured Weights
w(p) = a pd/( a pd +(1-p)d  )
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Value Function
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Gain Loss Framing
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Cumulative Prospect TheoryFraming a Decision:

(x, p;  y, q)

1) Separate into gains and losses. For convenience |x|>|y|

2) Compute best case and worst case scenarios

w+(p+q) v(x) + w+(q) ( v(y) - v(x) )    0<x<y

“p+q chance of winning at least x and q chance of 
winning y”

w-(p+q) v(x) + w-(q) ( v(y) - v(x) )    y<x<0

“p+q chance of losing at least x and q chance of 
losing y”

w-(p) v(x) + w+(q) v(y)    x<0<y

“p chance of losing x and a q chance of gaining y
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4-fold Pattern

• Small p, Large gain          Risk seeking
– Lottery playing

• Small p, Large loss           Risk aversion
– Attractiveness of Insurance

• Large p,  gain                    Risk aversion
– Preference for the sure thing

• Large p, loss                     Risk seeking
– Gamble to avoid sure loss
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